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Previous studies of the effect of surface active agents on the stability of falling liquid films
indicated that surface elasticity was primarily responsible for the observed stabilizing action.
Since the elastic nature of a surface is thought to be controlled by interface and interfacial
mass transport, it is of interest to understand how these transport rates affect the stability of
the liquid film. The analysis for both soluble and insoluble surface active agents is presented

in terms of a perturbation solution of the Orr-Sommerfeld equation.

DISCUSSION

It is an established fact that the presence of surface
active agents may alter the stability of an interface. Levich
(7, p. 608) has pointed out that the striking effect of
surface active agents on wave motion was known to the
ancient Greeks; nearly a century ago Reynolds (12) com-
mented on the phenomenon and correctly deduced the
cause; and in the last decade this phenomenon has been
observed during the course of gas absorption studies in
falling liquid films (4, 8, 11). Recent papers (I, 13)
have confirmed Reynolds’ early deduction ’Slat the stabiliz-
ing action results from surface tension variations. Since
these surface tension variations are presumably caused by
variations in surface concentration, the interface (diffusive
and convective transport on the surface) and interfacial
(transport between the surface and bulk fluids) mass
transport rates play an important role in the stability
problem. The opinion taken in this paper is that the sur-
face elasticity is compositional as opposed to structural in
nature; however, structural elasticity may be an important
factor if the surface cannot be treated as a two-dimen-
sional Newtonian fluid.

The physics of the problem under investigation may be
clarified by examining the equations governing the trans-
port of mass and momentum for the bulk and surface
fluids shown in Figure 1. These are illustrative equations,
presented only to clarify the problem under investigation.
The analysis of the mass and momentum equations for the
bulk fluid is straightforward; however, the mass and mo-
mentum equations for a wavy surface have not yet been
treated in a precise fashion. Earlier intuitive studies of
these equations for the case of small disturbances (I, 13)
are correct, but it seems reasonable that an exact formula-
tion of the surface conditions should be available in the
literature. This formulation is presented in the Appendix.
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PRIMARY FLOW

The configuration under investigation is illustrated in
Figures 2 and 3. The primary flow (the stability of which
we wish to analyze) is given by*

u(y) = uo (1 —y2/h?) (1)
where the surface velocity u, is
uo = h? gsin /2 (2)
The Reynolds number Ng, will be defined as
Nge = tioh/» (3)

The surface and bulk phase densities of the surface active
agent, v, and ps, are assumed to be constant in the prim-
ary flow, thus

Ys = 7s° (4a)

ps = ps° (4b)

and the densities in the two phases are related by an

equilibrium constant.
s® = Kps° (5)

® Throughout this paper the bar (—) and the tilde (~) will be used
to denote primary and disturbance quantities, respectively.
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Fig. 1. Governing equations.
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DISTURBED FLOW
The position of the wavy interface shown in Figure 3
is given by
1= 8h exp [2mi (x — ct)/\] (6)
The real part of the growth rate constant ¢, is the wave
velocity, and the complex part ¢; determines the exponen-

tial growth rate of the disturbance. The disturbance stream
function may be written as

W = 8f(y) exp [2mi (x — ct) /A] (7)

and the disturbance velocities are given by
W= 8 (y) exp [2wi {x — ct) /7] (8a)
~ [
v = ——%Bf(y) exp [2mi (x — ct) /7] (8b)

Here the prime (’) denotes differentiation with respect

to y. When 4« = u + u and v = v are substituted into
the Navier-Stokes equations the well-known Orr-Som-
merfeld equation results (6). In dimensionless form it
may be written as

F” — 20(2F” + a4F B
= iaNg, [(U — C) (F” — o2F) — U” F] (9)
where the prime (’) now denotes differentiation with re-

spect to Y. The dimensionless position of the interface is
given by

7 = 8 exp [ia (X—C8)] (10)
The kinematic surface condition (10, p. 389) requires that
al ol
_ — —_— = l
v ot tu ax’ Y (1)

or in terms of the dimensionless stream function
F=C—1, Y=0 (12)

Here the first term of a Taylor series has been used to
transform the kinematic condition from y = [ to y = 0.
The procedure is outlined in detail in Section A.2 of the
Appendix. Equations (9) and (12), when subjected to
the boundary conditions at the solid wall and at the sur-
face, will yield a solution for the growth rate constant C.

Continuity of velocity at the solid wall gives the two
boundary conditions

F=F=0 Y=1 (13)

The normal and tangential components of the surface
equation of motion give the two surface conditions [ Equa-
tions (A.3-19) and (A.3-25)]

— pglcos @ ~+2 (8;)_‘_ (azl)——O =0
P8 Pros\%y )T\ a2 /)70 VT
(14)
l(626)+ (aZJratT) Lo
. dy? * oy ox o
a%u
+ (k +¢€) P =0, y=0 (15)

These equations result from treating the surface as a two-
dimensional Newtonian fluid with « and e representing the
dilational and shear surface viscosity coefficients, respec-
tively. Substitution of the pressure from Equation (14)
into the x direction bulk fluid equation of motion yields
a suitable form of the normal stress condition.
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Fig. 2. Primary flow.

F” — [iaNpe (1 — C) + 8a2] F’ + ia®NgcNwe
4+ 2icotd =0, Y=0 (16)

The tangential stress condition may also be put in dimen-
sionless form to yield

ar
F"—azNw F’ + a2F =2 + NReNEl ('87-), Y=0
(17)

The remaining problem is to determine the spatial vari-
ations of T which requires solving the bulk and surface
phase mass transport equations. This problem has been
discussed in some detail elsewhere (13), and it should
suffice at this point to give only a brief description of the
problem. If the mass transport process is confined to a
region close to the surface, the disturbance equation takes
the form

) () -
(at o0 =D

The solution in dimensionless form is

53 = {Aexp (mY) + Bexp (—mY)} exp [ia(X— C(?g));l

-+

ox? ay?

( ¥, 82’:) (18)

where

Since the process is confined to a region close to the sur-
face, we may consider the film to be semi-infinite with
respect to mass transfer. Under these conditions Equa-
tion (19) reduces to

C.= {Aexp (mY)} exp [ia (X—CO)]  (21)

since the real part of m is negative provided the dimen-
sionless wave velocity is greater than one.

The surface mass transport equation [Equation (A.2-
23) ] in dimensionless form is

a’F+a'F+aTJ_<z>s)<a2?>
9@ @ 9X ' 39X N uh /\axz

+(u?3K)<ng)’ Y=0 (22

Equation (22), along with a kinetic expression describing
the mass transport between the surface and the bulk

phase, will provide a solution for T. Not a great deal is
known about the kinetics of adsorption and desorption for
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Fig. 3. Disturbed flow.

surface active agents (2, 3, 5); however, the net rate of
exchange can certainly be written as

Bps) <
-— = g — Se s =l
D(ay flys—7Ys y

(23)

Equation (23) indicates that the net rate of exchange of
mass between the surface and the substrate is given by
some unknown function f of the deviation from equilib-
rium, y; — v:°% Since we are dealing with small disturb-
ances the unknown function f may be expanded in a
Taylor series about the point y; — s = 0 to yield

—@(ZZS);“”

S A—
a(')'s - ’)’seq)

(rs—¥9), y=1 (24)

Ys— Vseq =0

where the higher order terms have been dropped in ac-
cordance with the usual order of magnitude analysis. Ex-
pressing the equilibrium surface mass density in terms of
the substrate mass density

5% = Kps (25)
where the equilibrium constant is defined by®
K = v:°/ps° (26)
allows us to write Equation (24) as
dps
—D(£)=hWer,y=l (27)

Here we have noted that f(0) = 0 and defined a rate
constant k; by
of

L A (28)
L 8y — vs9)

vs—vs€9=0

The dimensionless form of the disturbance equation which
results from Equation (27) is

853 ~ o~

Y

* Here the standard small disturbance order of magnitude analysis is
again invoked.
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This result allows us to express? in terms of 53, and then
Equation (22) may be used to determine the constant A
in Equation (21). The derivative of T in Equation (17)
is then

2

or @
& 2P (0 i (1—C) 4+ o
ax (0 /{ fa { )+ NgeNse®

_ Via(l — C)NgeNse (30)
NgeNse (K — Nig Via(1 — C)NgeNsc) }

In the previous study of this problem (13}, this result was
simplified by the assumption C; << (C,— 1) in order to
eliminate the time-consuming use of trigonometric sub-
routines in the computer solution. No such difficulties are
encountered in the perturbation solution presented here,
and the more comp{)ete description of the mass transfer
process will be used.

SOLUTION OF THE STABILITY PROBLEM

Previous studies of this problem have indicated that the
critical wave number «, tends toward zero as the surface
tension variations become large. Under such conditions it
is suitable to use the wave number « as a perturbation
parameter; however, we encounter some difficulty in this
process because of the square root dependence of « in the
denominator of 9I'/9X. In order to obtain a perturbation
solution, we must expand this term in a Taylor series in
B where

B= al’2 (31)
Unfortunately, this provides us with a slowly converging
perturbation solution, and in addition there is a singular-
ity in the expansion of ar/8X for K = oo. Since the in-
soluble surface active agent is a case of some interest, we
must attack the stability problem in two ways: for K > oo
we obtain a solution in powers of «, and for finite values
of K we obtain a solution in powers of g.

Case I, X > o

We assume that the stream function and growth rate
constant may be expanded in a Taylor series and write

F= Y oF, (324)
n=0
C= 2 oCp (32b)
n=0
For K = o, Equation (30) may be written as
ar F’(0
_ aF’(0) (33)

ﬁ—'(1 C) + —
' NReNScs

The expansion of the denominator of Equation (383) is
expressed as

a -1 2 i
(1(1—0) +_—NR9NSCS) = g%a ¢ (34)
where .
1
b=
(iCy — 1/NgeNsc®)
L FYSTGRE
i(iC1 — 1/NreNse*)? iC,
2= (1—Co)® T T(1—=Cy)?
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Equation (33) becomes

0

ar g
—_—=a o"Fy/(0) 2 Py

X (85)

n=0 n=0

Substitution of Equations (32a), (32b), and (35) into
Equations (9), (12), (13), (18), and (17), and the
equating of coeflicients of the powers of « yield an infinite
set of differential equations and boundary conditions
which will not be listed here. Only the zeroeth, first, and
second perturbations were solved, and the first three
terms of the series representing the complex growth rate
constant are

Co=2
Cy = iNne ( 185 “—NEl——g-C:;f)
Cy=— {2+Nw+ ZZ\\;::S"'NReZ
[(—:—+%3325)Nm-—0.51+0.64 ;’:0]}

Substitution of these values into Equation (32b), and ex-
traction of the real part of C gives the wave velocity

Ngi
NsSc

Cr=2—a? {2+Nw+ — Ng.?

[(&+

For very long waves, « = 0 and the wave velocity is twice
the free surface velocity. This is in agreement with the
theory of kinematic waves given by Lighthill and Whit-
ham (9). Equation (36) indicates that the wave velocity
should decrease with increasing Reynolds number, and
increase with an increasing elasticity number. Both these
trends are in agreement with previous calculations. No
direct comparison can be made since the wave number
having the maximum growth rate cannot be determined
without the third perturbation. However, we can use pre-
viously calculated values of am to indicate the range of
validity cf Equation (36). For a clean interface having
zero surface tension® and ¢ = =/2, Equation (36) re-

1 cotf
6 NRe

to
)NE,— 0.51 + 0.64 i‘,’ ]} (36)

+¥YRe

duces to
Cr=2—a2 (2 + 0.51 Ng.?) (37)

The calculated value of am (13) is nearly independent of
Reynolds rumber for this condition and is given as

" am = 0.56 (38)

The wave velocity for the wave having the maximum
growth rate is now given by

C, = 1.837 — 0.16 Ng,? (39)

Previously calculated values of C, range from 1.58 at
Ngre = 1 to 1.07 at Nr, = 40, and we conclude that this
perturbation solution cannot satisfactorily predict wave
velocities.

The imaginary part of C is given by

8 2cot0>

Ci = oo ( (40)

indicating that the axis « = 0 is part of the neutral sta-

bility curve, and there is a bifurcation point at
4 2 coth _ 8

B3 Npe 15

® This is a necessary restriction in order to make a comparison, since
surface tension does not enter this analysis until the third pertubation.
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Thus the film is stable with respect to all small disturb-
ances when
8 2 coté

(42)

Previous numerical calculations (13) for 8 = =/2 indi-
cated a stable film for
Ng = 0.46 (43)

which is reasonably good agreement for the two different
methods of solution. The elasticity number and the Reyn-
olds number are related by

< g \3 1/5
¥(-2)
P ar

NEla g[.b4 sin 6

(44)

NRe“

thus the critical Reynolds number Ng. for a vertical film

is
( do )3 1/5
P\ r

gut

If do/or is taken to be —20 dynes/cm. this expression in-
dicates that the critical Reynolds number may be on the
order of 100 for water, provided, of course, interfacial
mass transfer can be neglected.

The most important aspect of this analysis is that the
result is identical to that obtained by Benjamin (I), who
treated the surface as a linear viscoelastic two-dimensional

fluid.

Npe,e = 1.68 (45)

Case II, Finite K

For this case we must expand /90X in terms of 8, thus
the differential equation and the boundary conditions are
written as

F”” — 2BF” + B°F = if® Nre
[(U~—C)(F”— g'F) — U"F] (46)
F=F =0, Y=1 (47)
F” — [i8°Nge (1 — C) + 33*1 F’ + i8NgeNwe
+ 2iB2cotf =0, Y=0 (48)
or
F” — BNy F” + B F =2 + NReNEl<'6Y): Y=0

(49)
The term ar/9X is arranged in the form

X~ g (0) /{iﬂ (1—C)

0X -
£ V1=C } (50)
NgeNs* A—BB~\/I-C

-+

where ]
A = \/Ng.NsK?/i

B = Ng.Ns:Nir

Following the procedure outlined in Case I, F, C, and
or/8X are expanded in powers of B to yield an infinite set
of differential equations and boundary conditions which
may be solved to obtain the complex growth rate constant
C. The results are

Co=2

Ci=0

C2=iNRe(—8———E-COt0)
15 3 Nrge

Cs=—0 (1 +1)
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Fig. 4. Critical wave number as a function of Ng; for Nge, = 1,

Nsc = 103, and Njp = 0.

Cy=— [2 + Nvi— Nge? [ NelNsc (K2 — Nir)

1
cot 8 ]
—0.51 + 0.64 N }

Re

87 1 coté
C5:ﬂNRe’V_—‘36-"‘NSc(K2'—2NIR)'__é'N ](1_1’)
L Re

where _
@ = NgA/2NgiNg 2K /\/2

The complex growth rate constant is given by

c=3 g, (51)

n=0
The wave velocity for this case is given by
C,=2—a%20

—a? { 2+ Ny; — NRez[ NgiNsc(K? — Nir)

cot 8 ]
— 0.51 + 0.64 N }

Re

(52)

37 1 cotd
5/2QN9[———NC 2 — 9Ng) — — ]
+ Re| 35 se(K Ir) 5 N
Note that for a clean interface
Ngi=Ny; =0 (33)

and Equation (52) reduces to Equation (37). Therefore
we cannot expect Equation (32) to predict accurately
wave velocities, although it should satisfactorily predict
the effect of the various parameters.

The imaginary part of C is given by

8 2 coté
C‘i= N (__.—._.___.)._ 3/20
RT3 Ne/ “
37 1 coté
- 5/20,Ne|:———Nc 2 — ONg) — — ]
o R 30 S (ZC IR) 8 NRP (54)

indicating once again that the « = 0 axis is a part of the
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neutral stability curve, and for a clean interface there is
a bifurcation point at
2 cotd 8

it =— 55
3 Nge 15 (55)

Expressions for the critical wave number and the wave
number giving a maximum growth rate can be extracted
from Equation (54); however, these expressions are
cubics in «1/2 and are of little value in themselves.

It will be of some interest in comparing these results
with previous calculations to examine the results in terms
of both the third and fifth perturbations. The critical wave
number for the third perturbation is given by

2( 8 2 cotB)2
15 8 Nge

3) — 56
e Ngre N2 Ns: K2 (56)

Both «,® and «.®> are compared with previous nu-
merical calculations in Figure 4 for K = 1072, Ng, = 1,
Ng. = 103, and N;g = 0. The agreement is seen to be
quite good with the fifth perturbation being a significant
improvement over the third perturbation. However, if the
equilibrium constant is decreased to 107! there is a drastic
change in the agreement between the two solutions. In
Figure 5 we see that the third perturbation is in excellent
agreement with the numerical solution, while the fifth
perturbation does not allow a positive value of « below
values of Ng; = 1.8.

Examination of Equation (54) shows that C; appears
to be expressed in increasing powers of Ngre, Nse, and K.
While the infinite series may converge, any finite number
of terms can diverge for values of the coefficients tending
toward infinity. The present results can only be considered
useful for small values of these coefficients.

In order to survey the topology of the neutral stability
curves and the maximum growth rates in a manner that

0.50
045
0.401

0.35f

030+

— — THIRD PERTURBATION
———— FIFTH PERTURBATION
NUMERICAL SOLUTION

0.5

(oR[e] o

0.05

Fig. 5. Critical wave number as a function of Ng; for N, = 1,
Nsc = 103, and Njg = 0.
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might apply to real systems, we express the elasticity num-
ber in terms of Ny and Ng, according to the relation

Nt = Not/s Ny =53 (57)

9 ( do )
EANFT
gut

Expressing the growth rate constant in terms of Ny and
restricting ourselves to vertical films yields

where

o=

8 Np,—1/8
C; = — aNg, — a3/2 (ﬁ——) (N,3 Ns 12 K)

15 V2
BT PR,
NG
37
[ 30 Ngc (K% — 2Ng) ] (58)

The critical wave number is determined by solving the
cubic equation in o!/2 given by

-8 Nie — agl/2 (M) (N,/3 Ns /2 K)
15 V2
— a2 (Z_fo;/i ) (N,1/3 Ns72 )
V2
37
[ 2L s 2Ny | (59)

and the wave number giving the maximum growth rate is
given by

8 5 Ngo—1/8
0= (__) Npe — — m1/2(__) N,1/3 Ng, 172
15 R P a — ( sct? )

V2
_ _7_ 32 ( M) (N41/3 Ns1/2 K)
2 V2
37
[ 0 Ns. (K2 — 2N;r) ] (60)

The results are easiest to express in terms of the following
three parameters: Ng., Ny/3 Ng!/?2 K, and Ng. (K? —
2Njr). If water is the bulk fluid and sodium lauryl sul-
fate is the surface active agent, representative values of
the physical parameters might be taken as®*

p = 1072 poise
p=1g/cc. Ng. = 103
D = 1075 sq. cm./sec.
K=10"*cm. —
h=10‘2cm.} K =102
0
— —(;—;— = 20 dynes/cm. Ny =4 X 108

ki =0 (10 sec.™1) Nip = 102

This leads to approximate values of the parameters in
Equations (58), (59), and (60) of

NO_I/BNSCI/2 K =0 (10)
Nsc (K:2_ 2N1R) = 0 ('—' 10)

Note that negative values of Ns. (K2 — 2Ngz) will lead
to well-behaved roots for o, and o unlike the curve pre-
sented in Figure 5.
The critical wave number for a zero value of N5, (K2 —
2Nir) is plotted in Figure 6 for the expected range of
# Very little is known about the rate constants for adsorption and

the value taken for ki is speculation. However, we do know that adsorp-
tion must be reasonably fast if any stabilizing effects are to be obtained.
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Fig. 6. Critical wave number for Ng: (]2 — 2Nir) = 0.

values of N,!/3 Ng1/2 K. The location of the curves indi-
cates that increasing values of N,, Ng., and K increases
the stability of the film. Physically this occurs because an
increase in any of these parameters tends to increase the
value of the tangential surface stresses either by increas-
ing — (80/dT') or by decreasing the rate at which mass is
exchanged between the surface and the substrate. A de-
crease in the rate of mass transfer allows larger surface
density gradients to be maintained, and there lead to
larger tangential stresses. The growth rates for the wave
having the maximum growth rate are shown in Figure 7.
As is to be expected, increasing values of N,, Ng, and K
lead to decreasing growth rates. In addition there is an
abrupt increase in aC; with increasing Reynolds numbers
which might encourage one to establish a pseudo critical
Reynolds number. However, the appropriate choice of a
growth rate constant for which the growth rate is neglig-

0.30

0.251-

v

4
o20F NENZx=1.0

aCi
o.sf-
N2NE 100
o.I0F
0.05}
) I,
NZNGZ £=1000
0 [ |
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Fig. 7. Maximum growth rate for Ns. ()2 — 2N1gr) = 0.
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ible is rather arbitrary, and we will refrain from making
a choice here. It is to be noted though, that a phenomenon
somewhat like a critical flow rate can be expected for
films contaminated with a surface active agent.

In examining the second key parameter in Equations
(58), (59), and (60) we might first conclude that in-
creasing values of Ns, (K? — 2Nr) would lead to in-
creasing stability of the film. Certainly larger values of the
Schmidt number should lead to reduced mass transfer
rates and higher tangential stresses which in tum increase
the stability of the film. However, the sign of this term
m3éy be either + or —, depending on the relative magni-
tudes of K and N,g, and the results shown in Figure 8 for
No1/3 Ng1’2 K = 10.0 show that increased values of Ng.
decrease the stability if K2 > 2Nz and increase the sta-
bility if K2 < 2N;g. This is a curious situation and needs
to be discussed further. The dimensionless number Njg
would tend to infinity if the interfacial transfer process
were rate controlled (by the kinetics of adsorption), and
it would tend to zero if the interfacial transfer process
were diffusion controlled. Thus we may look upon N as
a measure of the relative magnitudes of the two mass
transfer processes, but independent of the overall transfer
rate. Our results then indicate a decrease in the diffusion
rate (increasing Ng.) is stabilizing when the adsorption-
desorption process is rate controlled, and destabilizing
when the process is diffusion controlled. It should be
pointed out here that values of Ng; (K2 — 2Ng) less than
+ 1.0 are within the region where good agreement is ob-
tained between the perturbation solution and the numeri-
cal solution, so the validity of the perturbation solution
does not seem to be open to question. Still, the results
lack a physical explanation, and the following is offered:
The fluctuations in the surface density y are in phase with
the surface rate of deformation du/dx only for an insoluble
monolayer at the neutral stability condition. When diffu-
sion and adsorption are taking place at nonzero values of
C; the situation is no longer so simple, and there is a phase
lag between the rate of surface deformation and the sur-
face density fluctuations. This phase lag will be different
for diffusion-controlled and rate-controlled mass transfer.
If the phase lag between the maximum surface stress and
the surface rate of deformation influences the stability of
the film, then it is possible that the mechanism of mass
transfer (in addition to the rate of mass transfer) plays a
key role in the stability analysis. This then may be an ex-
planation of the results shown in Figure 8.

0.30
0.25F

0.201

aCy

o5l Ne(£%-2N)=10 Ng(K2-2Nyq)=—1.0

.10~

2.2N,p)=-100
0.05|- o720

L |
2 5 10 20 50 100

Nal

Fig. 8. Maximum growth rate for No1/3 Ngc1/2 K = 10.0.
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CONCLUSIONS

The results presented here corroborate the previously
established fact that an insoluble monolayer gives rise to
a critical Reynolds number. The tangential surface stresses
may be interpreted as compositional (this work) or struc-
tural (1), both approaches giving the same result. When
there is interfacial mass transfer and the elasticity is
treated as compositional, the existence of a critical Reyn-
olds number is prohibited. The results indicate that both
the mechanism and the magnitude of the mass transfer
affect the stability of the liquid film. Further theoretical
and experimental work is in order if the precise role of
surface active agents in stabilizing falling liquid films is
to be understood.
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NOTATION

= complex growth rate constant, cm./sec.

¢/u,, dimensionless complex growth rate constant
bulk phase diffusion coefficient, sq. cm./sec.
surface phase diffusion coefficient, sq. cm./sec.
stream function, sq. cm./sec.

f/uoh, dimensionless stream function
gravitational acceleration, cm./sec.?

film thickness, cm.

interfacial rate transport coefficient, sec.™!
equilibrium coefficient, cm.

position of interface, cm.

= fluid pressure, dynes/sq. cm.

time, sec.

fluid velocities in the x and y directions, respec-
tively, cm./sec.

surface velocity, cm./sec.

u/u,, dimensionless velocity

.y spatial coordinates, cm.

X,Y = x/h, y/h, dimensionless spatial coordinates

I

£ R SR FIR WO AQS
c
NEREEEEEE

=k
I

Greek Letters

a = 2zh/\, dimensionless wave number

B = Va :

v = surface density, g./sq. cm.

T = y/y° dimensionless surface density

8§ = dimensionless number << 1

e = surface shear viscosity coefficient, (dyne) (sec.)/
cm.

« = surface dilational viscosity coefficient, (dyne)
(sec.) /cm.

A = wavelength, cm.

g = bulk fluid viscosity coefficient, (dyne) (sec.}/
sq. cm.

p = bulk fluid density, g./cc.

o = surface tension, dyne/cm.

v = p/p, bulk fluid kinematic viscosity coefficient, sq.
cm./sec.

# = angle of inclination

® = tu,/h, dimensionless time

Yy = stream function, sq. cm./sec.

Subscripts

¢ = critical value

r = real part of a complex function

i = imaginary part of a complex function

s = surface property or surface active agent

Dimensionless Groups

KX = K/h, dimensionless equilibrium constant
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Nre = uoh/v, Reynolds number
Nge,c= critical Reynolds number
we = o/puoh, Weber number
= /D, bulk fluid Schmidt number
Ns® = v/Ds, surface fluid Schmidt number
{80/9T') /u,?h, elasticity number
(« + €)/uh, surface viscosity number
No 2p (8a/0T)/gu*, modified elasticity number
Nir = D/kih? interfacial rate transport number
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APPENDIX

The purpose of this appendix is to present a precise analysis
of the surface mass and momentum equations for the wavy
surface illustrated in Figure 3. The results are in agreement
with previous intuitive studies for the case of small disturbances
(4, 9); however, it seems reasonable that one exact formula-
tion of the problem be available in the literature. The tensor
notation to be used follows that of Aris (1) and McConnell
(5), and the equations to be considered are those presented
by Scriven (6) and more recently Slattery (7), who included
the case of multicomponent surfaces.

A.1 The Surface Mass Balance

In this section we examine the continuity equation for some
species A which may exist in both phases and on the interface
separating the phases. For a moving surface, Slattery has de-
rived the continuity equation®

Eh’(A)+ [7 va ] +'Y(A) (aa)
Py (4) %4y p” Py

S0

= — pcan [Wan — wil nayi — peazy [vicaz) — wi] nei
(A.1-1)
where
A=123,...,K
The subscripts in parenthesis indicate the species and phase,
thus

vay = surface density of component A

vicagy = velocity of species A in phase 2 at the surface

nqyi = unit normal directed from the surface into phase 1
wt = velocity of the surface

The total surface and bulk phase densities are defined by
K
v == YAy

® Latin indices indicate tensors with respect to coordinate transforma-
tions in three-space, and Greek indices indicate tensors with respect to
surface coordinate transformations. Comma notation stands for covariant
differentiation and the summation convention is employed throughout.
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K
puy = 2 pAD (A, 1-2b)
A=
K
pzy = 21«42) (A. 1-2¢)
A=
and the mass average velocities are given by
K
e = Y4y V%ca) (A. 1-3(1)
A=1
S b
pvt == > pca) tia) (A.1-3b)

We define the diffusion velocities for the surface and bulk
fluid as

uf 4y = v%4) — v, diffusion velocity of A on the

surface (A. 1-4a)
uicary = thcayy — vicy), diffusion velocity of
A in phase 1 (A. 1-4b)
uicasy = vicaz) — vi(2), diffusion velocity of
A in phase 2 (A. 1-4c)
This allows us to write Equation (A.1-1) as
local rate of convective
change of density surface
transport
A N r“_J\*ﬁ

v Y4 [ oa
- (—) + [y v*] e
ot 2a at

convective transport between
the surface and the bulk fluid
—_—A

F Ipcan (Vs — wineni + peaz (Vi) — whneyil
(A.1-5)

= —[y u®ar ] a— [pca2) tian nai + pcasy tia ne2)il
< >

diffusive trar;(sport between
the surface and the bulk fluid

surface
diffusion

In order that the interface not be diffuse, that is, may represent
it by a mathematical surface, we require that the normal com-
ponent of the species velocity at the interface be equal to the
normal component of the surface velocity.

vl neni = wineni (A.1-6)
However, we will not require that the species velocity oia)
be a continuous function, for if this were so, the net transfer
of mass between the surface and the bulk fluids would be
zero. The surface is then a singular surface with respect to the
species velocity, If the bulk fluids 1 and 2 are incompressible,
the velocity fields vh1; and viz) are solenoidal and only the
tangential components can exhibit a jump at the singular sur-
face (8, p. 495). The assumption of incompressible flow
seems reasonable, provided “small causes produce small effects’
(3, p. 4). This assumption leads to

vl neni = wingai = vy nai (A 1-7)

and Equation (A. 1-5) becomes

a7 da
@ X (——-) + [y vle (A 1-8)
ot 2a ot

= — [yca v%u ],a — [pcan) tican nai + pcaz) thaz) neil

At this point we restrict the analysis to a two-component sys-
tem (a surface active agent and water for instance), and take
phase 1 to be the liquid and phase 2 to be the surrounding air.
At present there is no experimental information available re-
garding surface diffusion; however, we will assume that the
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diffusional transport on the surface and in the bulk fluid fol-
lows Fick’s law (2, p. 502).*

Y4 V¢
Y4y u%a) = — 7 Ds ( —_— ) (A.1-9)
¥
. pcan \*
pAD) than = — pD ( ) (A.1-10)
P

The use of Fick’s law may lead to considerable error in the
general case; however, the linearization of any general con-
stitutive equation would lead to a form similar to Equations
(A.1-9) and (A.1-10). While the general validity of these
equations is open to question, they will certainly be satisfactory
for a small disturbance analysis.

By assuming constant diffusivities and constant bulk and
surface densities, we may substitute Equations (A.1-9) and
(A. 1-10) into Equation (A.1-8) to obtain

v v ( da

e \or

ot 2a

) + ('Y(A) Ua),a

= Ds (v))%a + Detcan noni (A.1-11)

We now wish to investigate the special form this equation takes
for the wavy surface illustrated in Figure 3.

A.2 The Wavy Surface

Let yi (i =1, 2, 3) represent the fixed rectangular Cartesian
coordinates, and take the surface coordinates u® (« = 1,2) as

ul = y1 (where y! = x in Figure 2) (A. 2-1a)
u2 = y3 (where y? = z in Figure 2) (A. 2-1b)

The position of the interface is given by
y2 =1 = dh exp [2mi (y* — ct)/}A] (A.2-2)

and to make the following equations somewhat more compact
we will define ¥ as
¥ = exp [2ni (y1 — ct)/A] (A. 2-3)

The surface metric tensor aqp is defined by (5, p. 167)

ayi ayi
g 2 A.2-4
Aap = Gij Jus ub (A.2-4)
which leads us to
ajg = 1 —082a2 92
ag = 1
a2 — 41 — 0

where o is equal to the dimensionless wave number 2ah/)

when it is not used as a subscript or superscript. The important

point to be noted here is that ayy differs from unity by a

term of 0(82), and in a small disturbance analysis all terms

of 0(82) are considered negligible compared to term of 0(3).
The determinant of the metric tensor is

a = a1 agg — a12 g1 = 1 — 82.2¥2 (A.2-5)

The second term on the left-hand side of Equation (A.1-11)
represents the time rate of change of surface density owing to
dilation of the surface. For the wavy surface this term becomes

(4m’c) 1
82 o2 2
1(aa) 1 »

2a\ gt/ 2

= 0(82)
1 —82a292
and we see that it will not contribute to the small disturbance
analysis of interface mass transport.
If Ae is some absolute surface vector, then (5, p. 155)

(A.2-6)

1 —
2 (vaam

Ay = p—
NS

(A.2-7)

¢ By (7w )* we mean the associated tensor a®# (v(s),s, and ptcan
denotes g¢f (pwun),s.
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Carrying out the differentiation yields

( ( i ) )
82 o2 w2
dAx A } JA
Al

+0(82)
(A.2-8)

On the basis of Equations (A.2-6) and (A.2-8,) the left-
hand side of Equation (A.1-11) may be written as

Ivear . Y ( da
at 2a ot

Ay = — —

Jue 1 —382a2¥2 - ouc

) + (vca) v%),a

dva ]
= + (veay v*) 4 0(82) (A.2-9)
ot ou®
Expanding the surface diffusion term gives
2y 1 Y
(Ya)) g = aob [(-a_ml) _] el (A’_]
due Jub | «g | due
(A. 2-10)

however, the second Christoffel symbol (»ﬁ 1ris composed

entirely of derivatives of the components of the surface metric
tensor (5, p. 173) and Equation (A.2-10) becomes

3% v

= 0(82 9
auBaua>+ (82) (A.2-11)

(Ycay)® o = a%f (
In examining the last term on the right-hand side of Equation
(A. 1-11), we note first that
plan = g9pcany g (A.2-12)
The unit normal is given by (5, p. 197)

1 oy’ dyk
N = — B eijk( y ) ( —-z—) (A.2-13)
2 du Jub

and the two nonzero components are
iad¥
[1— 62 a2 w2]1/2

= jadV¥ 4 0(82)

(A.2-14a)
2 = [1 —82a2 $2]1/2 = 1 4+ 0(82)
(A. 2-14b)

If we now substitute Equations (A.2-9), (A.2-11), and

(A.2-12) into Equation {A.1-11) and drop all the terms of
0(82) we obtain

374> 0 ( 2y )
+ — @) = qaB ), _
(’Y(A)U ) Ds Jue (')uB

ot oue
+ 89D (pcan) s nei

We now need only relate the surface velocity vector v to the
three-space vector v¢ to obtain a useful form of the surface
mass transport equation. This relationship is given by (5, p.

N1 =

(A.2-15)

195)
j
0o = qoB 8ij (a—y) ol (A.2-168)
Jub
which may be written as
vl = p® 4 0(82),i=a=1,2 (A.2-17)

Here the superscripts are inclosed in parentheses to indicate
lack of tensorial significance. Thus we see that the components
of the surface velocity vector are equal to the two components
of the spatial velocity vector to within an order of 2.

For two dimensional waves, we consider variations of con-
centration and velocity only in the y! and 42 directions (x and
y according to Figure 2). Under these conditions Equation
(A. 2-15) reduces to

2y
67(‘4) + i“ (’V(A) Uz:) = Ds ( g :A) ) + D( aP(Al) )
ot ax axs dy
d
+D (___”;A” ) (i8arw) (A.2-18)
X
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This equation has been derived previously (9) on an intuijtive
basis; however, the previous derivation contains an error in
going from Equation (3A) to Equation (4A). Fortunately,
the error did not affect the stability analysis presented in that
work.
Equation (A. 2-18) applies at the surface, that is, at

y = 1= dhexp [2ni (x — ct) /1] (A. 2-19)
However, in formulating the boundary conditions for the Orr-
Sommerfeld equation, we require that they be specified at
y = 0. Since the distance from the interface to y =0 is small,

the first term of a Taylor series expansion about y = 0 will
be sufficient to relate the surface conditions to the conditions
aty = 0.

As an example consider the arbitrary function Z =Z (x, y)
where

Z—=Z4+7,andZ/Z = 0(8)

The first term of a Taylor series gives

_ azZ ~
Z(x,1) = Z(x,0) + 1 (a_)y=° + Z(x,0)
y (A. 2-20)

where 1(9Z/dy)y=0 has been dropped since it is 0(2). For
the primary flow under consideration the surface and bulk
densities are independent of x and y. We therefore write

Y4y = Y%a) +7(A) (A. 2-21a)
pcany = p%an + ;Al) (A. 2-1b)

The velocity is expressed as
vy = By + Ux (A.2-22)

where
Uy = Up (1—y2/h2)

Substitution of Equations (A. 2-21a), (A. 2-21b), and (A. 2-
22) into Equation (A. 2-18), and the use of the idea expressed
by Equation (A.2-20) give

43:;2,4) av,
+ Y%ca p

x)+u ( 67<A))
ot X ° ax

2~ o
_ D (_3_”_(14_)) 4 D(.*;_:D_) (A. 2-93)

ox2

where terms of 0(32) have been dropped. Equation (A.2-23)
is the final form of the surface mass balance for a wavy inter-
face subject to the restriction that the disturbance be small
and the initial surface and bulk densities of species A are
uniform.

A.3 The Surface Momentum Equation

Referring to the work of Slattery (7), we consider the case
of negligible momentum exchange with adjacent phase owing
to mass transfer. The normal component of the surface mo-
mentum equation takes the form

owt - .
REeNY T + wiwt; | = Fincyi + bag TP
(A.3-1)
and the tangential component is
gv*
v (E— + vBoog ) = Fe 4 Tab g

(A. 3-2)
+ v [2n¢1)r wrbaB vg + naHr w” acB (n(l)]- wj),B]
where

Fi = fi 4+ Ty nay 4 Ty neay;

ft = body force vector

Tiky = stress tensor in the kt* phase

bsg = second fundamental surface tensor (4, p. 200)
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For purposes of an order of magnitude analysis the surface
may be taken as that region where stress, density, etc., are
changing rapidly. The thickness of this region is on the order
of 10 A.; thus the surface density is on the order of 10~7
g./sq.cm. and we may neglect all terms in Equations (A. 3-1)
and (A. 3-2) which are multiplied by v to obtain

Normal component:
Tiy nanj i + Ty neayj ncayi + bap T*R =0

(A.3-3)

Tangential component:

Iy* " ..
a%t gy ( P ) [Ty neny; + Ty negyil + T*Bg =0
U

(A.34)

For a Newtonian surface fluid, the surface stress tensor is
given by (6)

TeB = goB [¢ 4+ (x — €) S9,] + 2528 (A. 3-5)
where the rate of deformation tensor is
1 .
Sap = ) [— 2bup n1yi wh + vg,5 +08,al
(A. 3-6)

As was the case with the surface mass balance, our next step
is to eliminate all terms of 0(82). We first note that the sec-
ond fundamental surface tensor is given by

3y ( *yt ) ‘ >
bgg = (—a;&- )B i = |~ ) mooi + 0(82)
(A.3-7)

thus byg is 0(8). The normal component of the surface velocity
may be written as®
nyiwl = — = 0(d) (A. 3-8)
ot

On the basis of Equations (A.3-7) and (A.3-8), the surface
rate of deformation tensor becomes

1
Saﬁ=—5(va.s+va,a) + 0(52) (A. 3-9)
By defining the mean curvature H by
9H = by a®P (A. 3-10)

we may write the normal component of the surface momentum
equation as

0(d) 0(8) 0(3)
[TH¢gy — Ty nayincnyg + 2H Lo + (k- — €) S9%]
0(3) 0(8)

4 2ebgp S8 = 0 (A. 3-11)
Dropping terms of 0(82) gives

[Tiiy — Th] napinay; + 2He =0 (A, 3-12)
Writing the bulk phase stress tensor at y = [ as

- 9T ~
Tiily—y = Tiily=0 + | ( -———) _ 4 Tiily=g
ay ¥y=0
(A.3-13)

where we have now switched to the x, y coordinates allows
us to express Equation (A. 3-12) as

g [ aTi 9T ¢a) ]
dy ay
+ [Ty, — Tiea) } nayinmj+ 2Ho =0,y =0
(A.3-14)
o )
» B—t represents the material derivative.
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Here we have used the fact that

Tiiyy = Tiigay,y =0 (A.3-15)
Specifying the stress tensors as

Tij(l) = — gijp + n (Di’j —+ Uj’i) (A. 3-160)
Tiicgy) = g¥ po (A. 3-16b)

where po is the constant ambient pressure yields

9T y
LD gipaygeose (A.3-17a)
Tii(z)
EACN =0 (A.3-17b)
0y

By using Equations (A. 3-10), (A. 3-7), (A. 2-2), and (A. 2-
14) we may write the mean curvature as

2]
o)

o0x

2H =

(A.3-18)

Referring again to Equations (A.2-14) for the components
of the unit normal, and dropping terms of 0(82) allows us to

write Equation (A. 3-14) as
a2l )
Z)=o0y=0
o > y

(A. 3-19)

This result is the normal stress condition for the Orr-Sommer-
feld equation.

By considering now the tangential component of the surface
momentum equation, we write Equation (A.3-4) as

~ 80y
—lP(l)g00$0—0+2~u(—) +
oy

oy* y .
a*® gy |\ — ) [Ty — T )] nenyj
Jub
(A. 3-20)
I
-+ a2 [_11 4+ (x—€) 89, ] 4 2eSeB g =0
du®
Here we have assumed that the spatial variations of « and e
are of 0(8) or less, and we have used the fact that derivatives

of a®# are 0(82). We now apply Equation (A.2-20) to this
result and use Equation (A.3-15) to obtain

ay* aTii
a8 g (L) [ y T
dub oy
(A.3-21)

a o~ o~
-+ a%B [Bﬁ 4+ (k—e) S“’m_p] + 2eSeB g = 0

~..
+ Ty | nwj

where we have used the fact that

Tiicgy = 0 (A. 3-22)
Noting that
1 k=1,8=1
dy*
L = 08 jk=2p8=1 (A. 3-23)
ub

0 k=3 0r8=2

and keeping Equations (A.2-14) in mind allows us to write
Equation (A.3-21) as

6—7—‘12(1) ) ~ oo
l (———— T12 —_—
Y + T + ul

(=) e (22 o
+ (x—¢) 01 -+ 2e Su =

(A.3-24)

where the covariant derivatives have been replaced by partial
derivatives according to Equation (A.2-8). Since the com-
ponents of the surface velocity vector are equal to the com-
ponents of the spatial velocity vector to within 0(82), the
final form of Equation (A. 3-24) reduces to
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6251 éT;a: a’;y do 62’5;
(25) en (B B) st mo e
I P + u 6y+ax +ax+'€ ) o

(A. 3-25)
which is the tangential stress condition for the Orr-Sommerfeld
equation.

NOTATION

aq = surface metric tensor

a = determinant of the surface metric tensor

beg = second fundamental surface tensor, cm.™!

c = complex growth rate constant, cm./sec.

D = bulk phase diffusion coefficient, sq.cm./sec.

Ds = surface phase diffusion coefficient, sq.cm./sec.

ft = body force vector, sq.cm./sec.?

gij = three-space metric tensor

h = film thickness, cm.

H = mean curvature, cm.”1

1 = position of interface, cm.

P = Huid pressure, dynes/sq.cm.

Po = ambient pressure, dynes/sq.cm.

Sap = surface rate of deformation tensor, sec.™!

t = time, sec.

TaB = surface stress tensor, dyne/cm.

T = three-space stress tensor, dyne/sq.cm.

U = undisturbed surface velocity, cm./sec.

ue = surface coordinates, cm.

uBcay = surface diffusion velocity of species A, cm./sec.

uicaxy = bulk diffusion velocity of species A in phase k, cm./
sec.

of = three-space mass average velocity, cm./sec.

oo = surface mass average velocity, cm./sec.

wi = three-space surface velocity, cm./sec.

%, Y = rectangular Cartesian coordinates, cm.

yt = position vector

Greek Letters

9nh/), dimensionless wave number

- surface density, g./sq.cm.

dimensionless number < <1

surface shear viscosity coefficient, (dyne) (sec.) cm.
surface dilational viscosity coefficient, (dyne)(sec.)
cm.

wave length, cm.

bulk fluid viscosity coefficient, (dyne)(sec.) sq.cm.
bulk fluid density, g./cc.

surface tension, dyne/cm.

angle of inclination, radians

2 m w2 R
|

9T ® >
i

[%]
e
o
o
)
=

°
-
)

(A) = species A on the surface
) = 'phasek
(Ak) == species A in phase k
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